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Abstract 
As the scale of consideration in materials decreases to the micron and sub-micron scales, the effect of internal surfaces on the 
plastic flow becomes dominating. To explicitly account for interfaces and grain boundaries a gradient plasticity framework, 
enhanced with a separate interface energy term, has been developed. This interface energy depends on the plastic strain at the 
interface and defines an interface yield-like criterion which indicates the stress at which the interface begins to deform plastically. 
Experimentally this interfacial yielding is captured through nanoindentation experiments near the grain boundary of crystalline 
materials, namely Nb. Fitting the theoretical analytical expression to the experimental data allows the determination of the key 
material parameters; for Nb it gives the internal length to be approximately 1.4μm, and in fact for pure (single phase) materials 
the dislocation source distance is approximated as 1.5μm. In order to further render the interface-dislocation interactions, discrete 
dislocation dynamics simulations are performed for a micron-scale tri-crystal with rigid/non-deforming grain boundaries. The 
resulting strain distribution profile from the simulation coincides with the predicted plastic strain of the gradient plasticity 
framework, while the best fit results when the internal length in the analytical expression is chosen to be the same as the value of 
the dislocation source distance used in the simulation. Hence, the gradient plasticity model that considers an interface energy 
term has been validated using experimental and numerical investigations. 
© 2009 Elsevier B.V. All rights reserved 
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1. Introduction 
The emerging field of nanotechnology has illustrated that interfaces, material microstructure, and defects play a 
vital role in determining the overall properties of nanostructures. In addition to the well known size-dependence of 
mechanical properties (different grain sizes in the micron regime result in a different macroscopic yield stress), 
optoelectronic properties are also affected by microstructure. Semiconducting properties, for example, depend on the 
number of misfit dislocations that form at the dopant interface; heterogeneous nanowires (such as core/shell), due to 
their interfaces, have better optoelectronic properties than homogeneous nanowires.  
As a first step towards developing a comprehensive framework that can predict the interplay between interfaces, 
defects, microstructure and material properties, a theoretical framework accounting for the interface-dislocation 
interaction during plastic flow is overviewed here.  
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The effect of material microstructure during plastic flow can be most effectively captured through the use of 
gradient plasticity, as strain gradient terms account for specimen size/grain size. Furthermore, by accounting for 
separate interface energy terms as in [1], the gradient framework can also explicitly consider the effect of internal 
surfaces that are present. The framework in1 arises by adding an interface energy term in the energy functional of 
[2], which is essentially a deformation gradient plasticity version of the gradient plasticity flow theory of [3]. 
Although during the past 15 years various gradient plasticity versions have been developed, it was shown in [4] that 
the first [3] gradient plasticity framework developed in the 80s by Aifants is consistent with thermodynamics. In the 
sequel, the gradient plasticity framework accounting for interfaces will be applied to a one-dimensional bi-crystal, 
and confirmed through nanoindentation experiments near the grain boundary of Nb. In order to complement the 
experimental validation, discrete dislocation dynamics simulations for a micron-scale tri-crystal were performed.  
 
2. Explicit consideration of interfaces 
 
2.1. Gradient plasticity theoretical formulation 
 
Aifantis and Willis1 proposed that, in order to explicitly account for internal surfaces, a separate energy-like term 
must be assigned to them, so as to allow interfaces and grain boundaries, collectively denoted by Γ, to follow their 
own yield behavior. This can be done by simply adding an interface energy term ( )PεΦ  in the potential energy 
functional ),( Pijij εεΨ  of a material whose microstructure conforms to gradient plasticity, hence1  
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where U is the elasto-plastic potential with Lijkl being the elastic stiffness tensor, while V is the gradient-dependent 
plastic potential. The displacement (u) and plastic strain ( Pε ) are continuous across Γ, while u is related to the total 
strain (ε) through the usual relationship /u xε = ∂ ∂ . The displacement is taken to be fixed at the outer boundary.                      
Upon calculating the first variation of Ψ, setting it equal to zero (δΨ=0) and applying the divergence theorem, 
the following conditions are obtained1   
 
         0/ =dxdσ  and sdxd =/τ    in Ω,                                                                                                                   (2a)      
ou u=   and 0τ =      on SU,                                                                                                                              (2b) 
0][ =σ   and Φ′=][τ  on Γ.                                                                                                                             (2c) 
Where 
,
/ , / , /P PxU s U Uσ ε ε τ ε= ∂ ∂ = ∂ ∂ = ∂ ∂ .                                                                                                           (2d)  
 
It should be noted that σ is the Cauchy stress, s is a back stress, and τ is the higher-order stress that results from the 
use of the plastic strain-gradient as an internal variable, while the brackets [] denote the jump of the enclosed 
quantity across the interface. Furthermore, the first, second and third sets of conditions in Eq. (2) are the relevant 
one-dimensional field equations in Ω, the corresponding displacement conditions on the outer boundary SU, and the 
appropriate jump conditions across the interfaces, respectively. 
The novel feature of this framework is the jump that results in the higher-order stress (Eq. 2c), allowing the 
gradient of the plastic strain to be discontinuous across internal surfaces and equal to the first derivative of the 
interface energy-like term, while all other quantities (sij, ui, εij) remain continuous.  
To better illustrate the implications of this jump in τ, we consider a single-phase bi-crystal, with grain size L 
and the grain boundary located at x=0. Allowing for linear hardening in the grain interior implies that: 
2 2 2
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where i=1,2 denotes the grains to the left and to the right of the grain boundary respectively. β is the hardening 
coefficient, while the parameter l  is a length scale required for dimensional consistency and usually referred to as 
internal length. Inserting Eq. (3) in Eq. (2d) and then in the second expression of Eq. (2a) the plastic strain in the bi-
crystal is obtained as [1]: 
 
ll // x
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ε ,                                                                                                                            (4) 
 
where σ is the applied stress and Ai, Bi are the constants of integration. Allowing the bi-crystal at hand to be in the 
micron-scale, it follows that as plastic deformation takes place, dislocations pile up at the grain boundary and can 
cross it only once a critical stress is applied. To achieve such a “yield criterion”, for the grain boundary, Φ must be 
non-continuously differentiable [1]  
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where γ is an interface parameter. Hence, the jump condition across the interface becomes: 
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As long as the plastic strain on the interface remains zero, the constants of integration Ai and Bi in Eq. (4) are 
calculated through the boundary conditions: 0)0(;0)0( 21 == PP εε , τ1(-L)=0, τ2(L)=0:  
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Considering Eqs. (7) and (4) along with third expression in Eq. (2d) and the first expression in Eq. (6) gives 
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Eq. (8) implies that in order for the interface to begin deforming plastically the applied stress must be related to the 
material parameters as 
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,                                                                                                                                           (9) 
 
where the critical stress 
cσ  has the physical interpretation of on interfacial yield stress. 
 
2.2. Experimental Validation 
 
Experimentally, the existence of interfacial yielding has been confirmed through nanoindentation near a grain 
boundary of a Nb polycrystal5. Indentations near the grain boundary exhibited additional plateaus in the load vs. 
displacement curve. Such plateaus are indicative of dislocation motion, and hence indicate grain boundary yielding. 
It should be noted that indentations away from the grain boundary resulted in only one plateau corresponding to 
grain interior yielding. The load-depth indentation plot can be converted to a hardness-depth indentation plot, which 
allows the estimation of the stress at which the grain boundary yields (
c
σ ). Furthermore, taking the indenter tip to 
grain boundary distance, at which interfacial yielding occurrs, as the specimen size (L), allows one to obtain an 
experimental plot of 
cσ  versus L. In Fig. 1(a) the analytical expression Eq. (9) is fit to the Nb experimental 
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interfacial yield stress, allowing estimation of the constants - γ and l - that are inherent to the gradient formulation 
at hand. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. (a) Fit of Eq. (9) to Nb data5; the fit gives5 l =1.4μm, γ=1513N/m. (b) Fit of Eq. (4) to DDD data6. 
 
2.3. Discrete Dislocation Dynamics simulations 
According to the experimental fit l =1.4μm for Nb. This suggests that l  is related to the dislocation source 
distance, as in pure metals this distance is taken to be approximately 1μm. To further investigate this, discrete 
dislocation dynamics simulations were performed for an Al tricrystal6 (the homogeneity and microstructure were of 
interest). The dislocation source distance was taken to be 0.19μm, the grain size L=0.75μm and the grain boundaries 
were rigid/non-deformable and located at x= -0.375, 0.375μm. The simulation was ended once it allowed for severe 
dislocation pile-ups to build up at the grain boundaries. At the end-time, the strain profile indicated by dots in Fig. 
1(b) was obtained. In order to relate the gradient plasticity framework with the simulation, the constants of 
integration in Eq. (9) are solved by considering the boundary conditions for the simulation: 0)5.0(1 =Lpε , 
0)5.0(2 =Lpε , 0)5.1(2 =Lτ , 0021.0)5.1(2 =Lpε ; all these boundary values are taken from the simulation data that 
produced the dotted strain profile in Fig. (1b). It was possible hence to fit the analytical expression Eq. (9) to the 
DDD data, and the best fit, shown in Fig. 1(b), was obtained when the internal length was set equal to the 
dislocation source distance of the simulation; l =0.19μm.  
It was therefore illustrated that a gradient plasticity model that accounted for interfaces through a separate 
interface energy term was validated both experimentally and computationally. Both approaches suggested that the 
internal length parameter, required for the gradient formulation, was directly related to the dislocation source length.  
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